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A B S T R A C T

After a long-term research, the birefringence-Zeeman dual-frequency (BZDF) laser has entered the practical
stage, and the BZDF laser interferometer has more powerful displacement and size measurement functions,
especially the near-zero nonlinearity. This paper theoretically analyzes the mechanism of the near-zero nonlinear
error, including theoretical simulation and experimental measurements. The measurement results show that the
nonlinear error of the BZDF laser interferometer is only 0.3 nm, which is one order of magnitude smaller than
that of traditional Zeeman dual-frequency (ZDF) laser interferometer. It has broad application prospects in the
field of ultra-precision metrology.

1. Introduction

The Dual-frequency laser interferometer is one of the most successful
applications of laser in the fields of precision measurement. Various
parameters such as length, angle, speed and straightness have been
successfully measured [1–3]. At present, dual-frequency laser interfer-
ometers have been applied in many fields, such as aerospace, industrial
manufacturing and metrology, etc. [4,5]. There are irreplaceable in
micro-positioning of semi-conductor lithography technology, precision
machine tool calibration and so on.

For most dual-frequency laser interferometers, due to the unideal
optical waveplate and misalignment in the interference system, addi-
tional phase difference occurs in the signal under measured, cosine-like
changes with a period of 2𝜋 as the measured length changes, forming
a few nanometers, a dozen nanometers of nonlinear error. With the
ultra-precision machining accuracy approaching to the nanometer level,
even the atomic level. Nonlinear error limits the application of dual-
frequency laser interferometer.

At present, many scholars have already studied a variety of methods
for measuring nonlinear errors of dual-frequency laser interferome-
ters [6,7]. However, these methods are complicated to measure and
require the usage of other high-precision instruments. The phase mea-
surement analysis method [6] used in this paper can directly measure
the nonlinear error of the system. By applying the differential detection
method, the small-amplitude error phase shift signal is reserved while
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eliminating the embedded Doppler phase shift signal, realizing high
precision direct measurement.

In this paper, both the simulated and experimental results show that
the nonlinear error of the BZDF laser interferometer is only 0.3 nm and
one order smaller than that of the traditional ZDF laser interferometer.

2. Nonlinear error generation mechanism of dual-frequency laser
interferometer

The measurement principle of the dual-frequency laser interferom-
eter is shown in Fig. 1. The He–Ne dual-frequency laser emits orthogo-
nally polarized beams with frequencies 𝑓1 and 𝑓2. The output beam is
divided into two parts by the BS. The reflection part passes through the
𝑃1 and is received by the photodetector 𝐷M1, obtaining the reference
signal 𝐼R. The transmission one is incident on the PBS and separated
into two beams with different frequencies. The polarized beam with
the frequency 𝑓1 is incident on the 𝑀M as the measuring beam and
𝑀M is fixed to the object to be measured. The polarized beam with the
frequency 𝑓2 is incident on a stationary 𝑀R, working as the reference
beam. The two polarized beams reflected by the 𝑀R and 𝑀M overlap
again at the PBS. Also the beat signal is obtained by passing through
the 𝑃2, and the 𝐷M2 receives the measurement signal 𝐼M. Finally, the
displacement of the object to be measured is calculated by comparing
the phases of the reference signal IR and the measurement signal 𝐼M.
The theoretical analyses of nonlinear errors [8–11] are as follows.
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Fig. 1. Schematic diagram of the measurement principle of dual-frequency laser inter-
ferometer. BS: beam splitter; 𝑀R: reference cube prism; 𝑀M: measuring corner cube;
PBS: polarization beam splitter; RP: reflecting prism; 𝑃1, 𝑃2: polarizer plate; 𝐷M1, 𝐷M2:
photodetector.

Experimentally, under the influence of the non-ideal optics, the
frequencies of the reference optical path and the measuring optical path
are mixed. In this case, the equation is expressed as (1).

𝑓1 ∶ 𝐸1x = 𝑎0 sin(𝜔1𝑡 + 𝜑01) 𝐸1𝑦 = 𝑏0 sin(𝜔1𝑡 + 𝜑01 − 𝜉)
𝑓2 ∶ 𝐸2x = 𝑑0 sin(𝜔2𝑡 + 𝜑02 + 𝜎) 𝐸2𝑦 = 𝑐0 sin(𝜔2𝑡 + 𝜑02)

(1)

where 𝜉, 𝜎 are the Initial phase difference, 𝑎0, 𝑏0, 𝑐0, 𝑑0 are the amplitude
of the emission beams.

When the optical path is separated by the PBS, two components of the
orthogonally polarized beam passes through the measuring optical path
𝐿1 and the reference optical path 𝐿2, respectively. As the 𝑀M moves,
the optical fields of the two paths can be expressed as (2):

𝐿1 ∶ 𝑎 sin(𝜔1𝑡 + 𝜑01 + 𝜑1) + 𝑑 sin(𝜔2𝑡 + 𝜑02 + 𝜎 + 𝜑1)
𝐿2 ∶ 𝑏 sin(𝜔1𝑡 + 𝜑01 − 𝜉 + 𝜑2) + 𝑐 sin(𝜔2𝑡 + 𝜑02 + 𝜑2)

(2)

where a, b, c, d are the amplitudes of the polarized lights passing
through the paths 𝐿1 and 𝐿2, which is synthesized from the initial phase
(𝜉0, 𝜑0) and the amplitude of (𝑎0, 𝑏0, 𝑐0, 𝑑0), 𝜑1, 𝜑2 are the phase shift
corresponding to the optical path of 𝐿1 and 𝐿2. On this condition, the
measurement signal 𝐼M is (3):

𝐼𝑀 ∝ 𝐴∗𝐶∗ cos[2𝜋(𝑓1 − 𝑓2)𝑡 + 𝜙𝑂𝑀 + 𝛥𝜙 − 𝛾]
𝐴∗ =

√

𝑎2 + 𝑏2 + 2𝑎𝑏 cos(𝛥𝜙 + 𝜉) 𝐶∗ =
√

𝑐2 + 𝑑2 + 2𝑐𝑑 cos(𝛥𝜙 + 𝜎)
𝜙𝑂𝑀 = 𝜙01 − 𝜙02

(3)

where 𝛥𝜑 is the linear phase shift produced by the change of optical
path difference as the 𝑀M moves, a, c are the amplitudes of the
beams with the inherent frequency, b, d are the amplitudes of the
beams with the mixed frequency, 𝜉 , 𝜎 are the phase differences of
the beams with the frequencies 𝑓1 and 𝑓2. 𝛾 is the nonlinear error of
the dual-frequency laser interferometer. The nonlinear error of dual-
frequency laser interferometer caused by frequency aliasing will limit
the resolution of dual-frequency laser interferometer.

𝛾 = arc𝑡𝑔
𝑏 sin(𝛥𝜙 + 𝜉)

𝑎 + 𝑏 cos(𝛥𝜙 + 𝜉)
+ 𝑎𝑟𝑐𝑡𝑔

𝑑 sin(𝛥𝜙 + 𝜎)
𝑐 + 𝑑 cos(𝛥𝜙 + 𝜎)

(4)

The frequency aliasing is usually caused by the undesirable optical
devices. The traditional dual-frequency laser interferometer laser out-
puts two circularly polarized beams originally under Zeeman effect, then
converted into orthogonal linearly polarized beams through quarter-
wave plate, therefore, the orthogonality of the two orthogonally po-
larized beams depends on the processing accuracy of the quarter-wave
plate. The lower the accuracy, the severer the ellipsometry phenomenon
of the circularly polarized light, causing the two orthogonally polarized
beams to be frequency aliased. The non-orthogonality of the laser source
is the main reason of the nonlinear error. On the other hand, the

Fig. 2. Schematic diagram of nonlinear error measurement for dual-frequency lasers. 𝑀R:
reference cube prism; 𝑀M: measuring corner cube; PBS1, PBS2: polarization beam splitter;
RP: reflecting prism; HWP: half-wave plate; 𝐷M1, 𝐷M2: Photodetector.

Fig. 3. Schematic diagram of orthogonal polarization laser rotation.

horizontal and vertical polarized beams are not completed separated
by the PBS, which is another source of the nonlinear error.

The principle of frequency difference produced by BZDF laser devel-
oped by Tsinghua University is the Zeeman effect combining with the
stress-induced birefringence [12–16]. The beams emitted by the dual-
frequency laser are mutually orthogonally polarized, and no circularly
polarized light converting into linearly polarized light happens in the
laser source. Therefore, the dual-frequency laser itself does not have
nonlinear errors; the nonlinear error mainly comes from the frequency
aliasing caused by PBS in the whole system of the heterodyne inter-
ferometer, which will be confirmed by the following simulation and
experiment.

3. Nonlinear error measurement method for birefringence-Zeeman
dual-frequency laser interferometer

The nonlinear error measurement system [17,18] of the dual-
frequency laser interferometer is built as in Fig. 2. The overlapped
beam with the frequencies of 𝑓1+𝛥f and 𝑓2 passes through a half-
wave plate, and is separated into parallel polarized beam and vertical
polarized beam by PBS2, the light intensity is detected by the 𝐷M1 and
𝐷M2. The experimental procedures are as follows. Shading the measured
beam firstly, the reference beam passes through the HWP and the PBS2.
Then rotate the HWP, making the parallel or vertical polarized beam
extinction and recording the position of the HWP. Finally, the HWP is
rotated 22.5◦ again, which means the whole orthogonal polarized light
is rotated by 45◦ after passing through HWP. The rotation schematic
diagram is shown in Fig. 3.

The theoretical analyses are as follows. When the beam passes
through the PBS2, the re-correlated polarized beam is again separated
into parallel polarized beam and vertical polarized beam received by
the receivers 𝐷M1 and 𝐷M2 simultaneously. At this time the optical path
expression is as follows:

Lights that are synthesized to the 𝑋-axis is as follows:

𝐿1∶ cos 45◦[a sin(2𝜋𝑓1𝑡 + 𝜙01 + 𝜙1) + b sin(2𝜋𝑓1𝑡 + 𝜙01 + 𝜙2)
+ c sin(2𝜋𝑓2𝑡 + 𝜙02 + 𝜙2) + d sin(2𝜋𝑓2𝑡 + 𝜙02 + 𝜙1)]

(5)
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Fig. 4. Simulation of the orthogonal polarization of the light source when the quarter-
wave plate has no delay error.

The measurement signals received by the detector 𝐷M1 are as follows:

𝐼𝑀1 ∝ 𝐴∗𝐶∗ cos[2𝜋(𝑓1 − 𝑓2)𝑡 + 𝜙𝑂𝑀 + 𝛥𝜙 − 𝛾]

𝛾 = arc𝑡𝑔
𝑏 sin(𝛥𝜙 + 𝜉)

𝑎 + 𝑏 cos(𝛥𝜙 + 𝜉)
+ 𝑎𝑟𝑐𝑡𝑔

𝑑 sin(𝛥𝜙 + 𝜎)
𝑐 + 𝑑 cos(𝛥𝜙 + 𝜎)

(6)

Lights that are synthesized to the 𝑌 -axis is as follows:

𝐿2∶ cos 45◦[a sin(2𝜋𝑓1𝑡 + 𝜙01 + 𝜙1 + 𝜋) + b sin(2𝜋𝑓1𝑡 + 𝜙01 + 𝜙2)
+ c sin(2𝜋𝑓2𝑡 + 𝜙02 + 𝜙2) + d sin(2𝜋𝑓2𝑡 + 𝜙02 + 𝜙1 + 𝜋)]

(7)

The measurement signals received by the detector 𝐷M2 are as follows:

𝐼𝑀2 ∝ −𝐴∗′𝐶∗′ cos[2𝜋(𝑓1 − 𝑓2)𝑡 + 𝜙𝑂𝑀 + 𝛥𝜙 + 𝛾 ′] (8)

𝛾 ′ = arc𝑡𝑔
𝑏 sin(𝛥𝜙 + 𝜉)

𝑎 − 𝑏 cos(𝛥𝜙 + 𝜉)
+ 𝑎𝑟𝑐𝑡𝑔

𝑑 sin(𝛥𝜙 + 𝜎)
𝑐 − 𝑑 cos(𝛥𝜙 + 𝜎)

(9)

Comparing the phases 𝐼M1 and 𝐼M2 phase obtains:

𝛿𝜙 = (𝜙𝑂𝑀 + 𝛥𝜙 + 𝛾 ′ + 𝜋) − (𝜙𝑂𝑀 + 𝛥𝜙 − 𝛾) = 𝛾 + 𝛾 ′ + 𝜋 (10)

𝜋 is caused by the negative sign of 𝐼M2 in the formula. It is a constant
initial phase that does not affect the measurement results. Moving the
Mm more than one wavelength 𝜆, and supposing 𝛾 ′ = 𝛾 (due to 𝛾 ≪ 1),
it can be obtained:

𝛾 ≈ 1
2
𝛿𝜙, 𝛾max ≈

1
2
(𝛿𝜙)max (11)

The 𝛾 is the nonlinear error of the dual-frequency laser interferom-
eter, which can be calculated directly by the measured data according
to Eq. (11).

4. Theoretical simulation and experimental results

4.1. Theoretical simulation

The traditional ZDF laser interferometer produces two circularly
polarized beams originally with a frequency difference. The left circular
polarized beam and the right-handed circularly polarized beam can be
expressed as Eq. (12).

𝐸1𝑥 = sin 2𝜋𝑓1𝑡 𝐸2𝑥 = sin 2𝜋𝑓2𝑡
𝐸1𝑦 = sin(2𝜋𝑓1𝑡 +

𝜋
2
) 𝐸2𝑦 = sin(2𝜋𝑓2𝑡 −

𝜋
2
) (12)

Theoretically, when the beams pass through the quarter-wave plate,
the phase delay introduced by the adjustable wave plate is exactly 𝜋/2.
The mutually orthogonal linearly polarized beams can be obtained by
the transformation of quarter-wave plate as shown in Eq. (13) and the
schematic diagram is as shown in Fig. 4.

𝐸1𝑥 = sin(2𝜋𝑓1𝑡) 𝐸2𝑥 = sin(2𝜋𝑓2𝑡)
𝐸1𝑦 = sin(2𝜋𝑓1𝑡 + 𝜋) 𝐸2𝑦 = sin(2𝜋𝑓2𝑡)

(13)

In fact, due to the machining processing and other reasons, the phase
delay error exists in the wave plate. Assuming the error is 𝜉, the beams
passing through the wave plate is adjusted to the formula (14), and the
schematic diagram is shown in Fig. 5.

𝐸1𝑥 = sin 2𝜋𝑓1𝑡 𝐸2𝑥 = sin 2𝜋𝑓2𝑡
𝐸1𝑦 = sin(2𝜋𝑓1𝑡 + 𝜋 + 𝜁 ) 𝐸2𝑦 = sin(2𝜋𝑓2𝑡 + 𝜋 + 𝜁 )

(14)

In the previous nonlinear error analysis, the axes of the two desirable
beams are used as the coordinate axis. By coordinate axis transform
of Eq. (14), the two beams can be expressed as the form of Eq. (1). The
corresponding parameters can be calculated by the MATLAB simulation
as 𝑎0 = 2, 𝑏0 = 2, 𝑐0 = 0.0126, 𝑑0 = 0.0126, 𝜉 = 159.1508◦, 𝜎 = 159.1508◦

when the delay error of quarter-wave plate is 𝜆/500. Thus, the nonlinear
error can be obtained according to Eq. (4) and the result is shown
in Fig. 6. The figure shows that the nonlinear error caused by the
nonorthogonality of the laser source is about 2.5 nm.

In the heterodyne interferometric optical path, when the orthogo-
nally polarized beam passes through the PBS, the reflected beam and
the transmitted beam are theoretically completely separated. Actually,
the transmission and reflection of the PBS cannot be desirable, and the
unclean splitting leads to the frequency aliasing. When the extinction
ratio of polarization splitting prism is 1000:1, the separated two beams
are shown in Fig. 7(a) and (b) is the partial enlargement, and the
expressions of the beams are as follows:

𝑓1 ∶ 𝐸1x =
1000
1001

sin(𝜔1𝑡 + 𝜑01) 𝐸1𝑦 =
1

1001 sin(𝜔1𝑡 + 𝜑01)

𝑓2 ∶ 𝐸2x =
1

1001
sin(𝜔2𝑡 + 𝜑02) 𝐸2𝑦 =

1000
1001 sin(𝜔2𝑡 + 𝜑02)

Fig. 5. Simulation of the orthogonal polarization of the light source when the quarter-wave plate has a delay error (Figure a) and Partial enlargement (Figure b).
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Fig. 6. Simulation of nonlinear error caused by non-orthogonality of the light source.

(15)

Here the parameters can be obtained directly from Eq. (15). Accord-
ing to Eq. (4), the simulation results are shown in Fig. 8. The figure
shows that the nonlinear error caused by the PBS is about 0.4 nm.

4.2. Experimental test

In the experiment, the whole measuring system is placed on the
isolation platform and the measuring angle prism is fixed on the dis-
placement stage. The stage is P-621.1C produced by Physik Instruments
of Germany with a resolution of 0.1 nm. The measuring angle cube
prism moves in the linear motion driven by the stage. The phase meter
is PT1315F produced by Pretechscience of China, with the frequency
measurement range of 10 kHz∼10 MHz, the resolution of 0.1 degrees,
and the maximum sampling rate of 100 kHz.

In order to visually compare the nonlinear error of the ZDF laser
interferometer and the BZDF laser interferometer, two kinds of dual-
frequency laser interferometers are simultaneously measured. The ZDF
laser interferometer is the Agilent 5517D dual-frequency laser inter-
ferometer, and the other is the BZDF laser interferometer of Tsinghua
University. The measurement system diagram is shown in Fig. 9(a), the
partial diagram of the measurement system is shown in Fig. 9(b).

There are two equivalent interference light paths in the system, each
interference light path corresponds to a measurement result. The result
should be zero by subtracting the two interference light paths if the
system is ideal. In the experiment, the results of the phase comparison

Fig. 8. Simulation of nonlinear error caused by polarization beam splitter.

show that there is a periodic error with fixed period, which is the
nonlinear error derived from the theory. At the same time, due to the
two interference signals are completely in the same path before the light
splitting, the external environment noise can be eliminated. The results
are shown below.

The nonlinear error of the Agilent 5517D ZDF laser interferometer
is influenced by the factors such as non-orthogonal laser source and
PBS, and the nonlinear error is about 3 nm as shown in Fig. 10(a).
The Tsinghua University BZDF laser interferometer has a nonlinear
error of about 0.3 nm as shown in Fig. 10(b). because the laser
source has no nonlinearity and only the PBS produces nonlinearity. The
nonlinear error results of the two dual frequency laser interferometers
with different principles of frequency difference producing are basically
consistent with the simulation results.

5. Conclusion

Theoretical analysis, simulated calculation, and experimental com-
parison of the nonlinear error of the ZDF laser interferometer and
the BZDF laser interferometer. The experimental results show that the
nonlinear error of the BZDF laser is one order of magnitude smaller
than that of the traditional ZDF laser interferometer. It highlights the
advantages of BZDF laser interferometer and has great significance in
the fields of ultra-precision machining and ultra-precision metrology.

Fig. 7. Frequency aliasing caused by the polarization splitter extinction ratio of 1000:1 (Figure a) and Partial enlargement (Figure b).
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Fig. 9. Dual-frequency laser interferometer nonlinear error measurement system.

Fig. 10. Measurement results of nonlinear error in dual-frequency laser interferometer.
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